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Abstract
Models of human movement from computational neuroscience provide a starting

point for building a system that can produce �exible, adaptive movement on a robot.
There have been many computational models of human upper limb movement put
forward, each attempting to explain one or more of the stereotypical features that
characterise such movements.

While these models successfully capture some of the features of human movement,
they often lack a compelling biological basis for the criteria they choose to optimise.
One that does provide such a basis is the minimum variance model (and its extension
Task Optimisation in the Presence of Signal-dependent noise (TOPS)). Here, the
variance of the hand position at the end of a movement is minimised, given that the
control signals on the arm's actuators are subject to random noise with zero mean
and variance proportional to the amplitude of the signal. Since large control signals,
required to move fast, would have higher amplitude noise, the speed-accuracy trade-
o� emerges as a direct result of the optimisation process.

We chose to implement a version of this model that would be suitable for the
control of a robot arm, using an optimal control scheme based on the discrete-
time linear quadratic regulator. This implementation allowed us to examine the
applicability of the minimum variance model to producing human-like movement.

In this paper we describe our implementation of the minimum variance model,
both for point-to-point reaching movements and for more complex trajectories in-
volving via-points. We also evaluate its performance in producing human-like move-
ment and show its advantages over other optimisation based models (the well-known
minimum jerk and minimum torque-change models) for the control of a robot arm.

1 Introduction
One path to producing �exible, adaptive movement on a robot is to study how humans
produce such movements. Computational neuroscience provides a range of theories and
models that attempt to explain the common features that characterise human arm move-
ments. Among these features are the straight hand paths and bell-shaped velocity pro�les
found in point-to-point reaching movements, and the speed-accuracy trade-o� formalised
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by Fitts Law. Many such models generate their trajectories through the optimisation of
some aspect of movement, such as hand velocity or joint torque.

In this paper we describe the implementation of one such model, the minimum variance
model, for the production of human-like movement on a robot arm. The trajectories
predicted by this theory capture the required external features of human movements and
it has a strong biological basis. We have adapted an optimal control scheme to implement
this model and demonstrate its applicability to the control of a robot arm.1 Here, we
describe a version of that system extended for a more realistic arm model, and to more
complex trajectories through the inclusion of via-points.

We start by describing the characteristic features that de�ne "human-like" movement.
We then outline relevant computational theories of human movement that attempt to
explain these features. We focus on the minimum variance model, comparing it in simu-
lation to two other well-known models: the minimum jerk and minimum torque-change
models. We then describe our implementation of these models using an optimal control
scheme. Resulting simulation trajectories for all three models are presented, along with
trajectories produced by the minimum variance model controlling a two-link planar robot
arm.

2 Human Movement
When performing upper limb movements humans show stereotypical patterns, both be-
tween individuals and between trials for the same individual. The following section de-
scribes the features we aim to capture on a robot arm. We then look at several computa-
tional models of human movement in section 2.2, describing which features they capture.

2.1 Relevant Features
Initially we focus on point-to-point reaching, with extensions to more complex trajectories
through the inclusion of via-points discussed in section 3.3.

When reaching between two points humans move their arms to make the path of the
hand between the two points roughly straight. Slight curvature does occur, depending on
the area of the arm's workspace in which the movement occurs.2 These straight movements
are smooth: the acceleration pro�le of the movement contains no discontinuities. This
results in a characteristic bell-shaped velocity pro�le for the movement.3, 4

Point-to-point reaching movements also exhibit an inverse relationship between speed
and accuracy, known as Fitts' Law5 (1) which states that the faster the movement, the
less accurately it will reach the target.

T = a + b

(
log2

(
2A

W

))
(1)

In (1), T is the movement time, A is the amplitude of the movement, W is the target
width, and a and b are coe�cients of regression. The term 2A

W
is known as the index of

movement di�culty (ID). Often, a fast inaccurate movement will be followed by short
corrective movements to bring the hand back to the target.6, 7 This trade-o� has been
extensively studied in human-computer interaction, where various IDs have been proposed
and evaluated against human movements.8



Another important aspect of human movement is the relationship between velocity
and curvature of a movement, often referred to as the Two-thirds Power Law.9, 10, 11 This
relationship is formalised by equation (2).

V = kR(1−β) (2)
In (2) V is the tangential velocity of the hand, R is the radius of curvature and k is

a proportionality constant. The coe�cient β has a value around 2
3
, giving the relation

its name. Computational models that seek to capture the features of human movement
described so far are outlined in section 2.2.

As well as the spatial aspects of a movement many tasks have temporal requirements,
including temporal accuracy. In contrast to the speed-accuracy trade-o� for spatial goals,
variability of timed actions increases almost linearly with the goal movement time.4 When
the movement distance increases but movement time stays constant, timing error doesn't
increase despite the increased movement velocity. We return to this characteristic of
movement in section 3.4.

2.2 Computational Models
Amajority of computational neuroscience models that seek to explain these characteristics
are based on the assumption that they arise from the optimisation of some criteria by the
human motor system.12, 13, 14 A notable exception is the equilibrium-point hypothesis and
its variations.15, 16, 17, 18

Within the class of optimisation models, it is not clear which aspects of movement
should be optimised. A range of criteria have been proposed, such as minimum time of
movement, minimum energy expenditure, minimum commanded-torque-change19, 20 and
the well-known minimum jerk21 and minimum torque-change models.2 Many of these op-
timisation criteria have been evaluated against actual human arm movements by previous
studies.22

2.2.1 Minimum Jerk Model
Optimisation criteria, or cost functions, for modelling human movements include both
kinematic and dynamic solutions. The minimum jerk model is an example of a kinematic
solution. These would seem to be good candidates for explaining human movement,
as most targets for reaching are speci�ed in external visual coordinates; it follows that
movement planning would also take place in extrinsic coordinates.

It has been suggested that smooth, straight hand paths can be explained if smoothness
of movement is an explicit goal of the system.21 A good measure of smoothness is the jerk
of the movement, de�ned as the derivative of the Cartesian hand acceleration (the third
derivative of the hand position). The cost function of the minimum jerk model is:

Cjerk =
1

2

T−1∑
n=0

(
(
...
x n)2 + (

...
y n)2) (3)

In (3), T is the number of time steps in the movement and ...
x and ...

y represent the jerk
of the movement along each axis. Results for this model show a good match between the
predicted and most actual trajectories. The hand paths were indeed smooth and straight.
Not all features of movement were captured by the minimum jerk model however, including
the slight asymmetry in the velocity pro�le and the speed-accuracy trade-o�.



2.2.2 Minimum Torque-change Model
In contrast to the purely kinematic minimum jerk model, the minimum torque-change
model2 uses a dynamic cost function. While the minimum jerk model successfully captures
the general behaviour of reaching movements, it is unlikely that movements are determined
independently of dynamic quantities of the arm such as length, load, torque or external
force. A cost function was therefore de�ned2 that minimised the change in the torque at
the joints:

Ctorque−change =
1

2

T−1∑
n=0

(
(τ̇1,n)2 + (τ̇2,n)2) (4)

T is again the number of time steps in (4), while τ̇1,n and τ̇2,n are the derivatives of
torque at the shoulder and elbow joints respectively, for each time step n. The hand paths
predicted by the model agreed with those predicted by the minimum jerk model in areas
close to and in front of the body. Signi�cant di�erences were predicted however in areas
further out and to the side of the body, where the dynamics of the arm di�er from those
in front of the body. This is a feature of human movement which is captured by models
where the hand kinematics are not independent of the physical system used to generate
them.3, 2

Experimental results were obtained for human arm trajectories of the movements
where the two models di�ered in their predictions. These results showed clearly that the
shape of the hand path was dependent on the area of the workspace where the movement
was performed, as predicted by the minimum torque-change model.

The models described so far have focused on producing arm movements with straight
hand paths and bell-shaped velocity pro�les, but have not addressed the issue of the speed-
accuracy trade-o�. They also lack a convincing explanation as to why their particular
characteristic should be optimised by the motor system.

2.2.3 Minimum Variance Model
It was stated in the previous section that the stereotypical features of human movement
hold true between individuals and between repeated movements for the same individual.
However, all movements are subject to noise which causes deviations from the desired
trajectory. The models mentioned previously do not account for these deviations, or
assume them to be negligible. By contrast, the minimum variance model speci�cally tries
to explain these movement disturbances.

Starting from the fact that all neuronal signals are subject to signal-dependent noise
(noise whose variance is proportional to the signal amplitude), it follows that such noise
on the neuronal motor signals sent to muscle units results in deviations from the desired
path. Moving rapidly necessarily requires motor signals with large amplitudes and hence
high levels of noise, causing greater deviations. Over the course of the movement these
deviations accumulate, leading to inaccuracy of the �nal arm position and possibly causing
failure of the movement goal. Moving as fast as possible is therefore sub-optimal from
a goal-achievement point of view. Since di�erent tasks require di�erent levels of spatio-
temporal precision, an optimal movement would be one that balances the speed-accuracy
trade-o� to accomplish the task.

It was therefore proposed that the goal of motor planning is to minimise the variance
of the arm's position in the presence of signal-dependent neuronal noise.23 In this model



the movement time is chosen to achieve a given movement accuracy constraint. To rep-
resent goal-directed movements the optimisation criteria is de�ned in terms of reaching a
target position and maintaining it for a post-movement period, during which the summed
positional variance should be minimised.23

Cvariance =
T+N−1∑
n=T+1

((
σ2

x

)2
+

(
σ2

y

)2
)

(5)

As in (3) and (4), T represents the number of time steps in the movement. In (5),
the additional term N represents the number of time steps in the post-movement period.
σ2

x and σ2
y are the variances of the hand position along the x- and y-axis respectively.

From this de�nition, the minimum variance model predicts the speed-accuracy trade-o�
of Fitts' Law. But the other features of human movement described in the previous
section are also apparent in trajectories predicted by the model. Despite having no direct
criteria for straight, smooth movement, the trajectories show both straight hand paths
and bell-shaped velocity pro�les. This is a logical consequence of the model, as sudden
discontinuous movements require large control signals with correspondingly large noise
levels, which would be sub-optimal. Trials with a computational model demonstrate that
the Two-thirds Power Law also emerges as a result of minimising the variance of the hand
position.23

As well as reliably capturing the important features of human arm movements, the
minimum variance model has other advantages. Unlike other models, it o�ers a principled
explanation as to why the motor system should have evolved to produce movement in this
way. Also, the variance of the hand position over repeated trials is a readily observable
quantity that can be reliably estimated from visual and proprioceptive information, in
contrast to more complex derivative terms such as jerk or joint torque.

3 Implementation
3.1 The Robot Arm
The robot used in this implementation was a two link arm with two rotational degrees-
of-freedom (DOF) restricted to movement in a plane. Both DOF were powered by DC
motors whose angular velocities were controlled by pulse width modulation. Quadrature
encoders on each motor allowed the angular velocities to be returned to the system. Many
studies have used a manipulandum to restrict a person to move their arm in a plane,
providing data for comparison between the movement of the robot and actual human
movement.3, 21, 2, 24

3.2 Optimal control algorithm
In our implementation, the discrete-time linear quadratic regulator (DLQR) optimal con-
trol algorithm was used to generate trajectories. The robot arm was represented by the
state vector, the composition of which was determined by each model (see sections 3.5,
3.6, and 3.7 below).

After speci�cation of the start coordinates, target coordinates and number of time
steps in the movement and post-movement periods, the DLQR algorithm constructs a



Figure 1: The two link planar robot arm used in these experiments

cost function J for the movement. The matrix form of the cost function, as used for the
minimum jerk and minimum torque-change models, is shown below.

J =
T−1∑
n=0

(u′nRun + s′nQnsn) + s′T QT sT (6)

The minimum variance model requires optimisation of the variance during a post-
movement period of length N time steps. The cost function, adapted for optimisation
during the post-movement period, therefore takes the form:

J =
T+N−1∑

n=0

(u′nRun) +
T−1∑
n=0

(s′nQnsn) + s′T QT sT +
T+N−1∑
n=T+1

(s′nQpmsn) (7)

In (6) and (7), T is the number of time steps in the movement, N is the number of time
steps in the post-movement period, un is the control signal at time step n, R is the control
signal cost matrix, sn is the state at time step n, Qn is the state cost matrix at time step
n, QT is the target state cost, and Qpm is the state cost during the post-movement period.

The cost-function J is converted into a "cost-to-go" P , which is an estimate of the
remaining cost to reach the target at each time step n = 0, . . . , T, . . . , T + N . This takes
place "o�-line" before the movement begins, using Riccati recursion:

Pn−1 = Qn + (A′PnA) +
(
A′PnB (R + B′PnB)

−1
B′PnA

)
(8)

The �rst recursive term is straightforward to �nd, since the "cost-to-go" for the �nal
step is simply the state cost at that point. From (6), the �nal state cost for the minimum
jerk and minimum torque-change models is QT ; therefore the �rst recursive term for these
models is PT = QT . For the minimum variance model with its additional post-movement
period, the �nal state cost is Qpm at time step n = T + N (7), making the �rst recursive
term PT+N = Qpm.

In (8), A and B are the dynamics matrices used in the state update equation sn+1 =
Asn + Bun. The compositions of these matrices are determined by the speci�c state



representation for each model (see sections 3.5, 3.6 and 3.7). During the movement, the
"cost-to-go" P is used to calculate a state feedback gain K (9), which is combined with
the current state sn to produce a motor command un:

Kn = − (R + B′Pn+1B)
−1

B′Pn+1A (9)

un = Knsn (10)
To represent signal-dependent neuronal noise in the minimum variance model, the con-

trol signal is modi�ed by adding a term wn, randomly drawn from a Gaussian distribution
with zero mean and variance proportional to u2

n:

usdn
n = un + wn, wn ∼ N

(
0, ku2

n

)
(11)

Once calculated, the control signals were used to update the current state and to
control the robot arm. Angular velocities were converted into appropriate duty cycles
and sent to the arm motors.

3.3 Complex Trajectories and Via-points
While point-to-point reaching movements are the simplest types of movements, humans
normally carry out tasks that require more complex trajectories. These complex trajec-
tories are characterised by one or more via-points20, 25.

Each via-point V (i) has two parts: its spatial coordinates and its temporal location
n(i) within the course of the movement (12). This is no di�erent from the start or target
points, which also have their spatial coordinates and temporal locations (n = 0 for the
start point and n = T for the target point).

V (i) =
{
x

(
n(i)

)
, y

(
n(i)

)}
, 0 < n(i) < T (12)

However, via-points must be dealt with di�erently to start and target points, as their
temporal position within the course of the movement e�ects the trajectory as much as
their spatial coordinates (Figure 2(a)). Via-points are added to a movement by changing
the state cost matrix Qn (6) at time step n = n(i) to re�ect the spatial location of the via-
point. The value of n(i) is important, as a via-point that occurs early in a movement will
produce a di�erent trajectory from one that occurs at the same spatial coordinates but
close to the end of the movement. Despite this, small di�erences between the temporal
locations of via-points (10-100ms) can produce trajectories that are su�ciently similar for
most purposes (Figure 2(b)).

Single via-points can be useful for tasks such as obstacle avoidance, while more complex
trajectories can be built up using multiple via-points. Via-points can also play a role
in combining movements: instead of the target of one learnt movement being the �nal
position, it could be turned into a via-point for a movement that then continues into a
second distinct movement.

3.4 Timing Variability
To model timing variability, as described in section 2.1, we add white noise, from a
Gaussian distribution with zero mean and variance proportional to T , to the required
movement time:
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Figure 2: The e�ect of via-point temporal position: a) Two movements from coordinates
(0.1,0.1) to (0.4,0.5) taking 500ms, both of which must pass through the point (0.2,0.4).
One must pass through the via-point after 150ms, the other after 300ms: the resulting
trajectories are clearly di�erent. b) Average trajectories for 25 movements with di�er-
ing via-point temporal positions. c) Mean square di�erences between trajectories with
di�ering via-point temporal positions (see section 4.1).

T var = T + wT , w ∼ N (0, kT ) (13)
This results in movement times that exhibit the same variability as human movement

times. If a movement includes via-points, there relative positions within the course of the
movement should remain un-changed, in line with the fact that humans can perform learnt
motor programs at di�erent speeds while keeping the relative timing of the movement
roughly the same.4, 26 To take this into account, via-point temporal positions are adjusted
by the ratio of the varied movement time T var to the original movement time T :

n(i),var = n(i).
T var

T
(14)

3.5 Minimum Jerk Model
For our implementation of the minimum jerk model, the arm was modelled as a point mass
at the position of the hand, attached to a �xed point by two links and constrained to move
in a plane. Signal-dependent noise was applied to the control signals used to move the
mass and the variance of the hand position during a post-movement period was minimised.
Start and target points were given in terms of a two-dimensional Cartesian frame-of-
reference whose origin was at the �xed shoulder joint. The state vector sjerk for this
model consisted of the hand position (x, y), and the hand velocities (ẋ, ẏ), accelerations
(ẍ, ÿ) and jerks (

...
x ,

...
y ):

sjerk =
[

x y ẋ ẏ ẍ ÿ
...
x

...
y

]′ (15)
The cost function followed the form of (3) in section 2.2.1 and (6) in section 3.2, with

Qn penalising the jerk at each time step. QT di�ered only in that it contained information
about the target and a term to bring the movement to a halt.

In the standard formulation of the optimal control problem, the jerk would be consid-
ered the control input and would therefore not be included in the state vector. However,
in the minimum variance model the term to be optimised is not the control input and
must therefore be included explicitly in the state vector. To maintain consistency between
the models, we have included the optimised term for the minimum jerk model in the state



vector. This makes no di�erence to the dynamics of the system, which are shown in
equation (16) for the x-axis components of the state. The same dynamics are used for
the y-axis components. These full system dynamics are put into matrix form suitable for
use in the state update equation sn+1 = Asn +Bun (see section 3.2), giving the dynamics
matrices Ajerk and Bjerk (17). In the following equations ∆t is the step time and un is
the control signal at time step n.

xn+1 = xn + ∆t.ẋn

ẋn+1 = ẋn + ∆t.ẍn

ẍn+1 = ẍn + ∆t.un...
x n = ẍn+1−ẍn

∆t
= un

(16)

Ajerk =




1 0 ∆t 0 0 0 0 0
0 1 0 ∆t 0 0 0 0
0 0 1 0 ∆t 0 0 0
0 0 0 1 0 ∆t 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0




, Bjerk =




0 0
0 0
0 0
0 0

∆t 0
0 ∆t
1 0
0 1




(17)

A major consideration for using this model on a robot arm was the fact that Carte-
sian positions and velocities had to be converted into angles and angular velocities at each
time step to control the robot arm. This was not di�cult or computationally expensive
with a two-link planar arm, but would have signi�cantly slowed the system with a more
complicated arm model, as the inverse kinematics function itself would have been corre-
spondingly more complicated. Inverse kinematic functions are also one-to-many functions,
meaning that the arm con�guration calculated at each time step would have to be checked
against the con�guration at the previous time step to ensure joint angle continuity.

3.6 Minimum Torque-change Model
Given the drawbacks of the point-mass arm used to implement the minimum jerk model,
a more realistic arm was used when implementing the minimum torque change model.
Instead of controlling a point-mass at the position of the hand, the joint angles of the arm
were controlled directly. The position of the hand was calculated at each time step using
the forward kinematics, which are much less computationally expensive than the inverse
kinematics. They are also many-to-one functions, so there was no ambiguity about the
position of the hand. The start and target coordinates were speci�ed using a Cartesian
frame-of-reference as before, but these were converted into starting and target joint angles
using a single instance of the inverse kinematics before the "on-line" processing of the
movement began.

The state vector storque−change of this model consisted of the joint angles at the shoulder
(θ1) and elbow (θ2), their angular velocities and accelerations, the torque at each joint τ1

and τ2, the corresponding torque-change and the Cartesian position of the hand (x, y):

storque−change =
[

θ1 θ2 θ̇1 θ̇2 θ̈1 θ̈2 τ1 τ2 τ̇1 τ̇2 x y
]′ (18)

With this state vector, the joint angles and angular velocities were directly accessible
from the state vector at each time step. These could be converted directly to motor



velocities for a robot arm driven by DC-motors. In a similar way to the minimum jerk
implementation, the cost function followed the form of (6) in section 3.2, with terms to
penalise the torque-change rather than the jerk ((4) in section 2.2.2).

Also following the minimum jerk implementation, the optimised term was included
explicitly in the state vector, maintaining consistency with the implementation of the
minimum variance model. Again this did not a�ect the dynamics of the system, given
in equation (19) for both the shoulder and elbow joints, represented by θ. The torques
and Cartesian hand positions were calculated from the joint angles using the standard
forward dynamics and forward kinematics functions respectively 2. The dynamics matrices
Atorque−change and Btorque−change are given by equation (20).

θn+1 = θn + ∆t.θ̇n

θ̇n+1 = θ̇n + ∆t.θ̈n

θ̈n+1 = θ̈n + ∆t.un

(19)

Atorque−change =




1 0 ∆t 0 0 0 0 · · · 0
0 1 0 ∆t 0 0 0 · · · 0
0 0 1 0 ∆t 0 0 · · · 0
0 0 0 1 0 ∆t 0 · · · 0
0 0 0 0 1 0 0 · · · 0
0 0 0 0 0 1 0 · · · 0
0 0 0 0 0 0 1 · · · 0
... ... ... ... ... ... ... . . . 0
0 0 0 0 0 0 0 0 1




, Btorque−change =




0 0
0 0
0 0
0 0

∆t 0
0 ∆t
0 0
... ...
0 0




(20)
While more appropriate for controlling the robot arm than the minimum jerk model,

this model still lacks an accuracy constraint. It has the added disadvantage that the
criteria it optimises is di�cult to measure and calculate compared to a quantity such as
jerk, requiring joint angles, angular velocities and accelerations to generate the torque,
which then requires di�erentiation to �nd the torque-change.

3.7 Minimum Variance Model
The minimum variance model has been implemented in various forms. The original
formulation23 used a combination of muscle and skeletal models for the arm, combined
with optimisation of cubic splines to determine the minimum variance trajectory. Other
approaches include the combination of a minimum jerk trajectory generator and a recur-
rent network to produce the required movements27 and a Kalman �lter method with a
muscle model, used to �nd examine feedback control laws.28 While each of these were
appropriate for their purposes, they were not directly applicable to the control of a robot
arm for producing human-like movement.

The direct joint control used for the minimum torque-change model was also used here.
Unlike the other two models, the modi�ed cost function (7) was used in the DLQR and
signal-dependent noise was applied to the control signals (11). Following the principle of
minimising the variance only during the post-movement period, Qn was set to zero for
the duration of the movement. QT contained information about the target, while Qpm

was the only term to penalise the variance of the hand position.



The state vector svariance for this model consisted of the two joint angles of the arm
θ1 and θ2, their angular velocities, the Cartesian coordinates of the hand (x, y), and the
variances in the hand position for each axis (σ2

x, σ
2
y):

svariance =
[

θ1 θ2 θ̇1 θ̇2 x y σ2
x σ2

y

]′

This state vector brings the implementation of the minimum variance model close to
previous formulations23, 28, but still without modelling the unnecessary muscle function.
That is, it attempts to minimise an extrinsic value (variance of the hand position) by
controlling an intrinsic value (joint angles). The trajectories that come from controlling
the joint angles2 are coupled with an easily observable kinematic optimisation criterion.

The dynamics of the system were similar to those of the minimum torque-change
model, given in equations (19) and (20), with correspondingly fewer terms to match the
state vector of the minimum variance model. The Cartesian hand position was calculated
from the joint angles using the standard forward kinematics equations. The hand variances
were calculated using the common textbook de�nition, given in equation (21), where n
is the current step, x is the x-coordinate of the hand position and x̄ is the mean of the
x-coordinate of the hand position to time step n.

σ2
x,n =

1

n

n∑
i=1

(xi − x̄)2 (21)

An interesting aspect of the minimum variance model over other optimisation models
is that strict boundary conditions, when the errors in position, velocity and acceleration of
the start and end points are required to become strictly zero, are no longer necessary. Since
the �nal state will vary from the target state due to the noise, the goal of the algorithm
is not to reach the exact target point at the end of the movement, but rather to move the
hand to the target with a certain level of task-dependent variance.27 This �exibility means
that velocity constraints at the target position can also be relaxed, allowing movements
such as catching a ball to be performed in the same way as reaching to a static target.

4 Results
4.1 Movement Analysis
The movements produced by our implementation of the minimum variance model were
evaluated in a number of ways. Qualitative analysis of the resulting trajectories ensured
that the hand paths were indeed straight and that the velocity pro�les had the required
shape.

Quantitative analysis was used to show the minimisation of variance and the e�ects of
the speed-accuracy trade-o�. Accuracy was speci�ed in terms of the standard deviation of
the �nal hand position. This was recorded over a number of repeated movements between
the same points, for di�erent instructed movement times.

For more complex trajectories involving via-points a metric covering the whole of the
trajectory was required. A combined segmentation method29 was used with time-scaling
to �nd the mean square di�erence d (α, β) between repeated trajectories to further show
the speed-accuracy trade-o�.



d (α, β) =

min(Tα,Tβ)∑
n=0

J∑
j=1

(
α(j)

n − β(j)
n

)2 (22)

This metric works in joint space to compensate for di�erences in arm lengths between
individuals. In (22), α and β are the trajectories to be compared, of length Tα and Tβ

time steps respectively and each consisting of j = 1, . . . , J joint angles. The combined
segmentation method is �exible enough to be used with single movements (with or without
via-points) and with combinations of movements performed in a sequence.

4.2 Minimum Jerk Model
Figure 3 shows simulation hand paths and velocity pro�les for ten movements performed
between similar points in one area of the arm's workspace. As can be seen in Figure 3(a),
the movements predicted by the minimum jerk model �t the criteria for straight hand
trajectories described in section 2.1. The trajectories were smooth with characteristic
bell-shaped velocity pro�les21 (Figure 3(b)). However, they lack the curvature typical
of human movements and they do not change according to the area of the workspace
where the movement occurs (see Figure 8 in section 4.4 below). As stated previously, the
minimum jerk model also lacks an accuracy constraint.
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Figure 3: Ten typical trajectories produced by the minimum jerk model in simulation: a)
Hand paths; b) Tangential velocity pro�les

4.3 Minimum Torque-change Model
Figure 4 shows hand paths and velocity pro�les for ten movements carried out with
the minimum torque-change model. These movements are between similar points, and
occur in the same area of the arm's workspace, as those movements carried out with the
minimum jerk model and shown in Figure 3.

The trajectories produced by the dynamic minimum torque-change model are closer
to those produced by humans than the trajectories of the purely kinematic minimum jerk
model: they are not perfectly straight but are instead slightly curved, clearly shown in
Figure 4(a). The hand paths are still smooth however, as demonstrated by the velocity



pro�les shown in Figure 4(b) which match closely with those of the minimum jerk model
in Figure 3(b).

The minimum torque-change trajectories closely resemble those of the minimum jerk
model in areas of the workspace close to and in front of the body (Figures 3(a) and 4(a)).
In areas away from the body, where the dynamics are di�erent, the trajectories are more
curved, matching results of human arm movements.2 This is best seen in Figure 8, where
a movement between two points at the extent of the arm's reach was performed with each
of the three models. While the velocity pro�les are broadly similar, the hand path for the
minimum jerk model clearly di�ers from that of the other two.
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Figure 4: Ten typical trajectories produced by the minimum torque-change model in
simulation: a) Hand paths; b) Tangential velocity pro�les

4.4 Minimum Variance Model
The trajectories predicted by this version of the model exhibited the required features of
human movement. For point-to-point reaching movements without via-points the trajec-
tories were slightly curved in the same way as human arm movements (Figures 5(a) and
6(a)), matching those of the dynamic minimum torque-change model without an explicitly
dynamic cost function.

The simulation trajectories of Figure 5 are very similar to those of the minimum
torque-change model, although the velocity pro�les di�er slightly. The same movements
carried out by the robot arm di�er slightly from the simulation results, but result in
similar slightly curved hand paths and the required velocity pro�les (Figure 6).

In addition to roughly straight smooth movements, the addition of signal-dependent
noise on the control signals results in changing end-point variance for di�erent required
movement times. Figure 7 clearly shows the decrease in end-point variance with increasing
movement time predicted by the model. This speed-accuracy trade-o� matches that of
Fitts' Law in human movement.

As discussed above, Figure 8 shows a movement between two points carried out by
all three models. The minimum torque-change model and minimum variance model hand
paths match closely. This is a result of the under-lying nature of the minimum variance
model: the cost function minimises a kinematic variable (hand positional variance), but
the resulting trajectory depends on the arm dynamics because the computational process
is dynamic.24
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Figure 5: Ten typical trajectories produced by the minimum variance model in simulation:
a) Hand paths; b) Tangential velocity pro�les.
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Figure 6: Ten typical trajectories produced by the minimum variance model on the robot
arm: a) Hand paths; b) Tangential velocity pro�les of the hand.

5 Discussion
Computational models of human movement vary in the observable characteristics of such
movement that they capture and in their applicability to controlling a robot arm. In this
paper we have focused on the minimum variance model and demonstrated that not only
does it capture the common characteristics of human arm movements, but that it is also
suitable for implementation on a robotic platform, allowing a robot arm to move in a
human-like manner.

We have described our implementation of the minimum variance model and compared
the resulting trajectories with those produced by two other well-known models. These
models capture some, but not all, of the common features of human movement. Their
criteria of jerk and torque-change are also less straightforward to calculate and optimise
than the readily observable quantity of hand positional variance.

A useful application of this scheme for producing human-like movement on a robot
arm is for programming by demonstration. Coupling of an imitation model that uses a
common system for motor production and movement recognition30, 31, and the optimal
control scheme described here allows the system to recognise, learn and imitate human
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Figure 7: The speed-accuracy trade-o� exhibited by the minimum variance model: A
number of movements between the same points were made with increasing movement
times, and the resulting trajectories compared in di�erent ways. a) The mean square
distance between 10 trajectories was calculated (see section 4.1). Each trajectory was
compared against each of the others, giving (102 − 10) ÷ 2 = 45 comparisons for each
instructed movement time; b) The standard deviation of the end position of the hand for
50 repeated movements was calculated. Both measures show an increase in accuracy with
increasing movement time.
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Figure 8: Three movements between the same points, one carried out with the minimum
jerk model, one with other with the minimum torque-change model and one with the
minimum variance model. The velocity pro�les are all very similar (b) but the hand path
of the minimum jerk di�ers considerably from those of the minimum torque-change and
minimum variance models (a), re�ecting the changes to movement in di�erent areas of
the arm's workspace.

movements and tasks32.
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